We establish a dictionary between the Cacti algebra axioms on a Cacti algebra structure with underlying free associative algebra, under suitable good behavior with degrees. Using these ideas, for an associative algebra A and a bialgebra H, we also translate Cacti algebra maps ΩpHq Ñ C ‚ pAq (where ΩpHq stands for the cobar construction on H and C ‚ pAq is the Hochschild cohomology complex) with H-module algebra structures on A, and illustrate with examples of applications.
Introduction and preliminaries
In [Kad05] , the author defines a Cacti algebra structure on ΩpHq, the cobar construction of a d.g. bialgebra H. Recall that ΩpHq " T V the tensor algebra on V " Ker , with differential of the form d i`d∆ . That is, one differential coming from the original differential on the d.g. bialgebra H and a second one coming from its coalgebra structure. In the mentioned article, the author works over Z{2Z. In [You13] , signs are introduced for any characteristic. This construction give examples of Cacti algebras of special type, they are not only graded but naturally bigraded, and operations have extra properties with respect to this bigrading. We call these properties to be well graded (see definition 1.3). We prove a kind converse of this construction that include the characterization of the image of the functor Ω : d.g.bialg Ñ Cacti-alg. More precisely, we prove that if a Cacti algebra T is well graded and freely generated as associative algebra by elements of (external) degree one, namely T -T V as associative algebras (T V =the tensor algebra on a graded vector space), then the Cacti algebra structure on T determines uniquely a d.g. bialgebra structure on H " V ' k1 H , and hence T " ΩpHq for a uniquely determined d.g.bialgebra H.
The examples arising from the Kadeishvili construction are not the only well graded ones. The historically most important family of Cacti algebras, namely the Hochschild ‚ pAq of an associative (eventually d.g.) algebra A is also a well graded Cacti algebra. In lemma 2.1), we study morphisms between well graded Cacti algebras. A consequence of this result can be seen as a continuation of the dictionary between Cacti algebras and bialgebras. More precisely (Theorem 2.5) we prove that, given an (eventually d.g.) bialgebra H and associative algebra A, the set of morphism between bigraded Cacti algebras tΩpHq Ñ C ‚ pAqu is in 1-1 correspondence with structures of H-module algebra on A.
We end with examples of applications to the Gerstenhaber algebra structure on the Hochschild cohomoly of an algebra.
For the purpose of this work, a Cacti algebra in al algebra over de operad X 2 defined in [BF04] . This operad (up to sign a convention) is called S 2 in [MS02] , spineless cacti in [Kau07] and is also the operad codifying Gerstenhaber-Voronov algebras [VG95] . We briefly recall the definiton: a Cacti algebra is a differential graded vector space pT, dq with operations 1. C 2 : T b T Ñ T , an associative product.
2. for any n ě 2, B n : T bn Ñ T are brace operations.
satisfying a set of compatibility relations that we list below. In order to write them, it is convenient to use a graphic representation:
For example, the brace relations can be described pictorically as
where the sign is given by the permutation of the dots belonging to B n and B m .
The distributivity law betwee C 2 and B m is: And finally, the relation with the differential is BC 2 " 0 and
where, if P : T b n Ñ T is an operation, BP is by definition the operation given by pδP qpt 1 b¨¨¨b t n q " dpP pt 1 b¨¨¨b t n qq´n
In particular, BC 2 " 0 means that in any Cacti algebra, the differential is a derivation for the product C 2 .
1 Cacti-algebra structure in T V Let V be a graded vector space, then T V " ' ně0 V bn is a free associative algebra, and it is bigraded taking, for
we call ř n i"1 |v i | V the internal degree, and n the external or tensorial degree. We remark that the total degree
is the same as the usual degree on the tensor algebra of ΣV , the suspension of V . This total degree is most usually considered, but we prefer to keep the information of the bigrading by reasons that will be clear in the rest of this work. Remark 1.1. Let V be a trivially graded vector space (i.e. V " V 0 ), then the data of a a square zero differential in A " T V of total degree one is equivalent to give a (non necessary counital) coassociative coalgebra structure in V .
If V is arbitrarily graded, then the data of a square zero differential in T V is equivalent to a differential in V together with an up-to homotopy coassociative coalgebra structure in T V , but if the differential in T V is of the form D " d i`de where bidegd i " p1, 0q and bidegd e " p0, 1q then to give D is equivalent to a (strict) coassociative differential coalgebra structure in V . Take simply
Remark 1.2. The non necessarily counital coassociative structures in V are in 1-1 correspondence with the unital coassociative structures in H :" V ' k1 H , where 1 H is a new formal element satisfying ∆p1 H q " 1 H b 1 H . The correspondence is given by ∆ 1 Ø ∆ with
H Ñ V be the canonical projection with respect to the direct sum decomposition H " V ' k1 H , then
The counit in H is given by pvq " 0 if v P V and p1 H q " 1. Working with elements one can easily see that the coassociativ equation for ∆ and ∆ 1 is the same, so ∆ is coassociative iff ∆ 1 is, and letting 1 H having internal degree 0 (but tensorial degree 1), and d i p1 H q " 0 the correspondence works equally well for the graded case
We will consider Cacti-algebra structures on T V of a certain type. Recall that the cactus C 2 " 1 2 provides a strict associative product. We will say that the cacti algebra structure on T V extends the one in T V if 1 2 px, yq " x b y (where x, y P T V ). Notice that in T V , this property implies that every element of A can be obtained from V and the action of the cactus C n , namely if
Next definition is motivated by the example of the Hochschild complex C ‚ pAq of an associative algebra A. Recall that in C ‚ pAq, if f : A bn Ñ A, then the brace operation is a formula of type f tg 1 , . . . , g k u "
ÿ˘f p¨¨¨, g 1 p´q,¨¨¨, g 2 p´q,¨¨¨q and this implicitely says that if n ă k then
These brace operations corresponds to the cactus
with a Cacti algebra structure on it with respect to the total degree. We will say that this structure is well graded if
and the differential is compatible with the bigrading in the sense that d " d i`de where
Moreover, we ask C 2 and B m (m ě 2) to be homogeneous with respect to the internal degree.
Notice that if C is a cactus algebra that is graded (and not bigraded), then it can be considered as trivially bigraded with C 0,q " C q and C p,q " 0 for p ‰ 0, and the definition of well graded makes sense. Example 1.4. The Hochshild complex of an associative algebra is a well graded Cacti algebra, this example is trivially bigraded. But also if A is a differential graded associative algebra, then CpAq is well graded. In both cases, the bidegree is given by
where Homp´,´q p is the set of homogeneous linear transformations of degree p (between two graded vector spaces).
Example 1.5. If pH,˚, ∆, dq is a differential graded associative bialgebra, then in particular it is a differential graded coalgebra, and the cobar construction makes sense
where
, Kadeishvili exhibits (in characteristic 2) a Cacti-algebra structure on ΩpHq coming from the bialgebra structure of H. In [You13] the author introduce appropriate signs showing that ΩpHq is a Cacti algebra in any characteristic (e.g 0). In this construction, the brace structure is given by
where in each term, the sign is the Koszul-permutation sign of the symbols . . .˚x 1 . . . x n y 1 . . .
and the notation is x " x 1 b¨¨¨b x n , and y " py 1 . . . , y m´1 q. We remark that here, for x P H, its symbol has degree |x| tot " |x| H`1 , and if y " y 1 b¨¨¨b y n , then its symbol has degree n`ř n i"1 |y i | H .
In this formula, it is implicitly assumed that m´1 ď n, otherwise it is zero, so this is also an example of well-graded Cacti algebra. Definition 1.6. Let C be an arbitrary Cacti algebra and let us denote˚the operation
This product is pre-Lie by definition. In well graded Cacti algebras, it is associative when restricted to external degree one, as we can see in the following lemma. Lemma 1.7. Let C be a well graded Cacti algebra and set C 1 " ' p C p,1 the subspace of elements of external degree one. Then, for y, z P C and x P C 1 px˚yq˚z " x˚py˚zq Notice that C n˚C m Ď C n`m´1 so, in articular, pC 1 ,˚q is a (non necessarily unital) associative algebra and C n is a C 1 -module.
Proof. We will compute the associator and see that it is governed by B 3 , which by hypothesis is zero when the first variable belongs to C 1 : Let x, y, z P C with x P C 1 , we have
x, y, zq (Signs are due to Koszul rule for the total degree of the symbols x, y, z P C and B 2 .)
Because we assume C is well graded, the cactus 1 2 3 and 1 3 2 act trivially when the first variable is in C 1 , so the associator vanishes.
Corollary 1.8. Let V be a graded vector space and suppose a well graded Cacti algebra structure is given in T V , then this structure induce by restriction an associative product˚: VˆV Ñ V .
From now on we concentrate in the bigraded associative algebra T V , and we will consider all possible well-graded Cacti algebra structures on it. We recall that the external degree is the tensorial degree, and hence a d-dimensional cactus acts as an operation of (external) degree´d, and the differential is of total degree one. Remark 1.9. A (non necessarily unitary) operation˚: VˆV Ñ V can be extended to H :" V ' k1 H declaring 1 H as formal unity for˚, namely
Notice that˚es associative in V if and only if it is associative in H.
Recall that a (well graded) differential in T V induces (by restriction to V a coassociative and counitary comultiplication in H via
In this way, if T V is given a structure of a well graded Cacti algebra with multiplication equal tensor product, then H is simultaneously a counitary coassociative coalgebra, and a unitary associative algebra. Next theorem shows that H is necessarily a bialgebra. In other words, the coproduct in H is multiplicative, and hence T V " ΩpHq, the Kadeishvili construction.
Teorema 1.10. Let V be a graded vector space, the following are equivalent (i) To give a well graded Cacti algebra structure on T V , extending the (free) associative product in T V and well graded with respect to the bigradng on T V .
(ii) To give a unitary and counitary differential graded associative bialgebra structure on H "
More precisely, the correspondence is given i the following way: From (i) to (ii), the internal differential in T V , restricted to V gives a differential on V , and the external differential induces the restricted comultiplication in V , that produces the counitary comultiplication in H. The action of B 2 gives the associative product.
From (ii) to (i), we only notice that pT V, dq " ΩpHq, and Kadeishvili construction gives a Cacti algebra structure that is well graded.
Proof. We ony need to prove piq ñ piiq, and in this part, we only have to check that the comultiplication in H is multiplicative, Namely.
Recall the Sweedler-type notation ∆x " x p1q b x p2q . We observe that, for a P T V ,
where r´,´s is the super commutator (using the total degree) in T H, so
Now, in every Cacti-algebra one has
because the first equality comes from computing the boundary of the cactus 1 2 and the second is the differential of an operation. When evaluating in elements, using
In order to prove what we want, we will use some identities:
The first one is simply that the internal differential is a derivation for the product. The second, comes from the identity in Cacti and this implies immediately the equation (considering a " 1 H , b " x and c " y).
The two last equations have terms of the form a˚pb b cq (on their left and side). The central idea is that, in any Cacti-algebra, even thought˚is not distributive on the right with b, the failure of this is given by the boundary of B 3 . The hypothesis of well graded allow us to control it. In this way, we obtain that a˚pb b cq has to be the diagonal action.
In
pδB 3 qpx, y, zq " dpB 3 px, y, zq loooomoooon (the vanishing terms are due to the well grading hypothesis) So, B 3 pdx, y, zq " p´1q |x||y|`|x|`|y| y b px˚zq´p´1q |x| x˚py b zq`p´1q |x| px˚yq b z Now, for elements in tensorial degree two x " x 1 b x 2 , the cactus B 3 acts by B 3 px, y, zq " B 3 px 1 b x 2 , y, zq " p´1q |x 2 |`|y|`|x 2 ||y| px 1˚y q b px 2˚z q because in Cacti we have where only the second term acts non trivially in V b4 . Using this identity for x " dx, recall And replacing again y b z by ∆y " y p1q b y p2q ( and of course taking into account the signs, noticing that if v P V then |v| tot " |v| i`1 ):
x˚p∆yq " p´1q |x|`1`|x p2q | i |y p1q | i px p1q˚yp1b px p2q˚yp2that is precisely the last thing what we needed to verify.
Example 1.11. Let g be a Lie algebra and consider H " U pgq, and as always V " U pgq " Kerp : U pgq Ñ kq, then the cohomology of pT V, dq is
(where here Λg is the non unital exterior algebra in g). Even more, in degree one, the Lie bracket in H 1 pT V, dq is the commutator of the primitive elements in U g, namely, the Lie bracket in g.
Since Λ ‚ g is generated (as associative algebra) in degree one, the Gerstenhaber structure is determined by the bracket in this degree. So we get the standard Gerstenhaber algebra structure in Λ ‚ g from the Cacti-algebra in T V . In other words, the Gerstenahaber algebra structure in Λ ‚ g lifts to a well graded Cacti-algebra structure in T V " T`U pgq˘. As a sub example, if W is any vector space and g " LiepW q is the free Lie algebra on W , then Λ ‚ g " Λ ‚ LiepW q is the free Gerstenhaber algebra in W . Again this structure lifts to a (well graded) Cacti-algebra structure in T V " T´U pLiepW qq¯" T T W , in the sense that its Cacti-algebra structure induces the Gerstenhaber algebra structure on its homology.
Morphisms and well gradings
Recall the notation, for a bigraded algebra T "
Next Lemma is relatively simple to proof, but is the key point of our main result. It formalizes the fact that in T V , all the Cacti-algebra structure depends on B 2 , the differential, and the associative product.
Lemma 2.1. Let T and C be two well graded Cacti algebras, and f : T Ñ C a linear transformation, that is homogeneous with respect to the bigrading. If we assume that
• T is generated by T 1 as associative algebra (in particular T " ' ně1 T n ),
• f is a morphism of associative algebras,
• f pdtq " df ptq for all t P T 1 ,
• f | T 1 : pT 1 ,˚q Ñ pC 1 ,˚q is a morphism of associative algebras, then f is a morphism of Cacti-algebras.
Proof. Let us denote by Y the associative product given by C 2 (in T and in C). In an analogous way to theorem 1.10, the signs are given by the Koszul rule, but in this proof it is not necessary to make them explicit, so we will omit then for clarity. The proof consist in the following reductions:
1. If f pB 2 px, yqq " B 2 pf x, f yqq, then f pM, x 1 , . . . , x n q " f pM, f x 1 , . . . , f x n q for every cactus M .
Proof. Since Cacti is generated by C 2 and B m (m ě 2), it is enough to see that f commutes with this operations. Notice that f is a morphism of associative algebras by assumption. In order to reduce from B m to B 2 , we proceed by induction in the external degree. Recall the identity If we want to compute B m px, y 1 , . . . , y m´1 q, with x P T p,‚ , the well grading implies that the non-trivial terms are only with p ě m. Considering elements x " x 1 Y x 1 with x P T 1 and x 1 ßT m´1 (this is possible because we assume T is generated by T 1 ) we have 2. If f B 2 px, yq " B 2 pf x, f yq for all x P T 1 , y P T , then f B 2 px, yq " B 2 pf x, f yq for all x, y P T , Proof. If x " x 1 Y¨¨¨Y x r , since B 2 distribute the Y-product in the first variable, we have
so the claim follows.
3. If f B 2 px, yq " B 2 pf x, f yq for all x, y P T 1 (which is true by assumption), then f B 2 px, yq " B 2 pf x, f yq for all x P T 1 , y P T , Proof. Let y " y 1 Y y 1 P T , notice that the external degree of y 1 and y 2 are both strict less than the degree of y. For x P T 1 , we compute
Notice that (due to the well grading and the fact that x P T 1 ):
Now, since dx P T 1 ' T 2 and T is generated by T 1 as associative algebra, we can write
and so
(we have used again that well grading hypothesis and the fact that d i x, x 1 and x 2 belong to T 1 ).
We conclude
With this in mind, we compute
and since f commutes with Y "˘f B 2 px, y
Because y 1 and y 2 have strict less external degree than y, we may assume inductively that f preserves the operation B 2 px,´q in those degrees, and so the above formula is equal to
and since f preserves degrees, and also C is well graded, the arguments used to eliminate the terms of type B 3 px,´q can also be used for B 3 pf x,´q, and we conclude
Finally because f commutes with the differential in T 1 , we have that f dx " dpf xq and so " B 2 pf x, f y 1 Y f y 2 q " B 2 pf x, f yq
Since the requirement of the last reduction holds by assumption of the lemma, we have finished the proof.
As immediate corollary, we see that Theorem 1.10 actually gives an equivalence of categories between d.g. bialgebras and Cacti algebras that are well graded and freely generated in external degree one: Corollary 2.2. Let H and H 1 be two (d.g.) unitaries and counitaries bialgebras, and endow ΩH " T H and ΩH 1 " T H 1 with its natural Cacti algebra structure, then
Proof. We only remark that both ΩH and ΩH 1 are well graded and generated in external degree one, so the Lemma above applies.
Remark 2.3. The Cacti algebra structure on ΩH is unique if one requires well grading, and that the operation B 2 restricted to H agree with the product of H. This is true because if Ą ΩH is equal to ΩpHq as d.g. algebras, but with eventually different Cacti algebra structure with this properties, then the identity map ΩH Ñ Ą ΩH verifies the hypothesis of the above lemma, and hence it must be a Cacti-algebra morphism.
Next theorem is a continuation of the dictionary between Cacti axioms and bialgebra axioms, Before present it, we recall a standard definition of a modulo-algebra.
Definition 2.4. Let A be a unital associative algebra and H a unitary and counitary bialgebra. We say that ρ : H b A Ñ A is an H-module algebra structure on A if it makes A into an H-modulo but also satisfying the property that the multiplication map
is H-linear (with the diagonal action on A b A).
In case A is a d.g. algebra and H a d.g. bialgebra, the H-module algebra structure is called differential if
is a morphism of complexes.
Teorema 2.5. Let A be a d.g. unital associative algebra and H a d.g. unital and counital bialgebra. Then there exists a 1-1-correspondence between Cacti algebra morphism ΩpHq Ñ C ‚ pAq and differential H-module algebra structures on A. The correspondence is given by restriction:
and in the other direction, if ρ : H Ñ EndpAq, x Þ Ñ ρ x , the map ΩpHq Ñ C ‚ pAq is given by T V Q x 1 b¨¨¨b x n Þ Ñ`a 1 b¨¨¨b a n Þ Ñ ρ x 1 pa 1 q¨¨¨ρ xn pa n q1
In this theorem, d.g.alg means non necesarily unital differential graded associative algebras, and d.g.alg 1 are the d.g.alg maps that also preserve the unit.
Proof. Since ΩH and CpAq are both well graded Cacti algebras, we can use Lemma 2.1. Then, a morphism f : ΩH Ñ CpAq is the same as a d.g. algebra morphism such that its restriction on elements of external degree one (i.e. to elements of H) is multiplicative with respect to the operation˚. This produces a morphism
where V " H " Kerp q. This shows that morphisms whose restriction are˚-multiplicative are the same as (non unital) V -modulo structures on A, that is the same as unital Hmodule structures on A.
Notice that given an H-module structure ρ : H Ñ EndpAq, the restriction to V produces a multiplicative map V Ñ EndpAq. Then, the universal property of the tensor algebra gives a multiplicative map p ρ : pT V, bq Ñ pCpAq, Yq. The theorem follows if we show that "p ρ commutes with the differential if and only if the H-module structure is a (differential) H-module algebra structure".
Let us denote, for h P H y a P A, hpaq :" pρphqqpaq When computing the Hochschild boundary of ρphq we get pd e ρphqqpa b bq "´ahpbq`hpabq´hpaqb
On the other hand, the internal differential is pd i ρphqqpaq " dphpaqq´p´1q |h| hpdpaqq
Because d " d e`di and their bidegrees are different, the equality dρphq " p ρdh is equivalent to two equations
The equation with d e tell us that A is an H-module algebra, because 
namely, the d.g. condition for ρ.
• Also, H " pkrxs{x 2 q#kZ 2 , so one can compute Ext with the formula
• Ext ‚ krxs{x 2 pk, kq is a polynomial ring in one variable of degree one (this is the easiest example of classical quadratic Koszul algebra), call the generator D. There re two possibilities: the action of the generator of Z 2 is trivial in D, or it acts by D Þ Ñ´D. In the first case it should be Ext krxs{x 2 pk, kq Z 2 " krDs, while in the second it should be Ext krxs{x 2 pk, kq Z 2 " krD 2 s. But in H there are no primitive elements, so H 1 pΩHq " 0 and only the second possibility can be true.
A consequence of this commutation is that the Gerstenhaber bracket (in cohomology) of the generator with itself is trivial, just by degree considerations. This implies that in any H-module algebra A, the bilinear map given by
is an integrable 2-cocycle in the sense that rΨ, Ψs " 0.
We finally recall that the data of an H-module algebra structure on A is the same as a Z 2 -grading (given by the eigenvectors of eigenvalues˘1 of g, we assume char‰2) and a square zero super-derivation (with respect to that grading), because the general formula hpabq " h 1 paqh 2 pbq for h " x says (if a is homogeneous):
In that way, every square zero super derivation x in A gives an unobstructed formal deformation of A. We finish by collecting some general information on Hopf algebras and its cohomology 1. If H is finite dimensional bialgebra, then
These equalities are immediate from the definition if one uses the standard complex for solving H˚as H˚-bimodule when computing Hochschild cohomology. The last inclusion was proved (to be a split inclusion) in [FS04] , by giving a specific map at the level of complexes, that reserves the cup product and i-th compositions. Now this map can be interpreted from the fact that any finite dimensional bialgebra is an H˚-module algebra. The finite dimensional hypothesis is only needed for H˚to be a bialgebra as well. We remark that the notation˚that we used for the product in a general bialgebra is motivated by this example, since the B 2 operation in Ext Proof.
The formula dx " u g b x`x b u h is proved in a complete analogous way, we omit it.
This computation allow us to generalize the example of the H-module algebra action of the Sweedler algebra in the following way:
Let d 1 , . . . , d n : A Ñ A be skew-derivation of an associative algebra A. That means there exist g i and h i automorphisms of algebras of A such that d i pabq " g i paqd i pbq`d i paqh i pbq @a, b P A Let f : A bn Ñ A be defined as f pa 1 , . . . , a n q " d 1 pa 1 q¨¨¨d n pa n q
If, in addition, g 0 " g n`1 " Id and h i " g i`1 for all i " 1, . . . , n´1, then f is a Hochschild n-cocycle, coming from ΩpHq for some bialgebra H.
Proof. Let us consider the free algebra generated by x i : i " 1, . . . , n and G i : i " 0, . . . , n`1, with comultiplication determined by
and define the H-module structure on A by
where, by notation g n`1 " h n . Then A is an H-module algebra. We need to check that ω :" x 1 b¨¨¨b x n P ΩpHq satisfies dω " 0. But this is easy because dω " dpx 1 b¨¨¨b x n q " n ÿ i"1 p´1q i`1 x 1 b¨¨¨b dpx i q b¨¨¨b x n " n ÿ i"1 p´1q i`1 px 1 b¨¨¨b u G i b x i b¨¨¨b x n`x1 b¨¨¨b x i b u G i`1 b¨¨¨b x n q and all terms cancel telescopically except the first and the last:
" u G 0 b x 1 b¨¨¨b x n`p´1 q n´1 x 1 b¨¨¨b x n b u G n`1 but u G 0 " u G n`1 " u id " 0, so dω " 0, and hence Bf " 0 in C ‚ pAq.
We remark that also the other Cacti operations that one may do with f in C ‚ pAq may also be done in ΩpHq.
It would be interesting to know, given an associative algebra A, whether or not any class in HH ‚ pAq comes from an element in H ‚ pΩpHqq, for some bialgebra H acting on A, making A into an H-module algebra.
